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ABSTRACT: We study a system of N, D3-branes intersecting D7-branes and O7-planes in
1 + 1-dimensions. We use anomaly cancellation and string dualities to argue that there
must be chiral fermion zero-modes on the D3-branes which are localized near the O7-
planes. Away from the orientifold limit we verify this by using index theory as well as
explicit construction of the zero-modes. This system is related to F-theory on K3 and
heterotic matrix string theory, and the heterotic strings are related to Alice string defects
in A = 4 Super-Yang-Mills. In the limit of large N, we find an AdSs dual of the heterotic
matrix string CFT.
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1. Introduction and motivation

=

RREEEER oo oo m~m

N

FREEREEE §

The AdS/CFT correspondence [fl-f] can be generalized to a duality between conformal
field theories with defects and D-brane configurations in Anti de Sitter space (AdS) which
typically wrap AdS subspaces of the ambient AdS [§-[i]. One important example of this

duality arises by considering Dp-branes which intersect N. D3-branes in the large N, limit.



At weak 't Hooft coupling this system is described by a defect in the A/ = 4 SYM conformal
theory on the D3-branes. At strong couping it is described by a geometry in which the
Dp-brane wraps a subspace of the AdSs x S° near-horizon geometry of the D3-branes.

Such systems and their generalizations to nonconformal theories play an important
role in recent attempts to provide a string theoretic construction of strong coupling dual
descriptions of QCD, but in such models the full structure of the correspondence has not
yet been worked out. One of the motivations for the current research was to work out the
mapping between states and operators in a defect AdS/CFT system with chiral fermions.
Intersections with chiral fermions occur in [ff] which involves D8/D4-brane intersections.
The model considered here, involving D7/D3 intersections, is easier to analyze because
of the more direct connection to AdS/CFT. This example was mentioned in [f], but to
our knowledge has not been studied in depth. In fact the details of this correspondence
will appear elsewhere [J] while here we focus on some foundational material needed to
understand the structure of this system from the field theory point of view. The D7/D3
system has a rich web of connections to many other well-studied systems in string theory
including stringy cosmic strings, string defects in N/ = 4 SYM, F-theory on K3 and its
various dual descriptions, and the matrix theory description of heterotic string theory.
It may also be useful in constructing the elusive instanton corrections to the OT7-plane
anomalous couplings [[L{].

This paper is organized as follows. We start out in the following section by describing
the system we will be studying and reviewing some of the relevant material on D7-branes
and O7-planes and the corresponding supergravity solutions. We then identify the obvi-
ous zero-modes on the 1 4 1-dimensional intersection and study the question of anomaly
cancellation by anomaly inflow. We are led to conclude from this analysis that there must
be additional zero-modes on the D3-branes which are localized near the intersection of the
D3-branes and O7-planes. We then establish the existence of these zero-modes first by
constructing the effective action on the D3-branes and using index theory, and then by
explicit construction. In section 4 we use string dualities and the explicit formulae for the
zero-modes to deduce the dependence of the Type I and heterotic string couplings on the
7-brane moduli.

Much of our analysis becomes trivial in a particular limit where the space transverse to
the D7/O7-planes is compact and the D7-branes and O7-planes coincide so that the system
can be studied using the standard perturbative string analysis of orientifolds. In fact in
that case the system is T-dual to a D1-string in Type I theory. Our analysis is however
more general and allows us to also analyze the system for a noncompact transverse space
and also away from the orientifold limit where one encounters regions of strong coupling.

2. Description of the system

2.1 Stacks of branes and o-planes

We consider a transverse intersection of D3-branes with D7-branes and O7-planes. The
coordinate axes are taken such that the branes span the directions marked in table [I.



0oT1l213lal5161 71319 Bulk coordinates are denoted by
#M M = 0,...,9 and are divided
D7,07 | x| x X | X|x|x|x]|X ) Y i
into " = (2™, y®) withm =0,...,3
D3 X |X|x|X .
and o« =1,...,6. We also use indices
Table 1: Brane orientations. A,B, a, b, and g,ﬁ to denote CcOor-

responding tangent space directions.
We further divide the spacetime directions along the D3-brane into 2™ = (z#, 2, Z) with
pu=0,1, and z = x2 +iz3. Corresponding tangent space indices are underlined. Lightcone

+ = 29 + 2! will also be used. We denote the arbitrary number of D3-branes

coordinates x
by N..

In the strict g; = 0 limit, the number of D7-branes and O7-planes can be arbitrary,
but as soon as g5 # 0 many of these configurations become inconsistent. As we will review
in the next section, one-half BPS 7-brane solutions in supergravity with arbitrary gs only
exist for certain special numbers and combinations of (p, q) type 7-branes. Furthermore, as
soon as gs # 0, the full back reaction of the 7-branes on the metric, dilaton, and R-R scalar
(axion) must be considered; there is no o’ — 0 decoupling limit. This is easily seen from
the fact that Newton’s constant in front of the I1B supergravity action and the D7-brane
tension in front of the 7-brane DBI plus WZ action have the same powers of o’. Thus the
solutions will not depend on «'.

There have been many interesting studies of adding flavors to the classic AdS/CFT
correspondence using 7-branes. One can work in the strict gs = 0 probe limit [[L1], but if
one is interested in subleading effects, the fully back reacted supergravity solution must
be considered [[3—[[4]. In general, the exact solution is not known. Note, though, in the
simplest 7-brane background-a Zs orientifold-a very explicit study of the correspondence
including subleading effects can be made [[§]. Even in the more general setting, one can
make much progress for the following reason. The D3-branes in all of these setups are
parallel to the D7-branes and close to or coincident with them. Therefore, one can go a
long way by approximating the supergravity solution in a region near the D7-branes.

Our setup is very different, as the D3-branes are extended in the directions transverse
to the 7-branes. We will want to consider g5 # 0 as this leads to some interesting results,
and therefore it will be crucial to work with the full 7-brane supergravity solution. Hence,
there will be restrictions on the number and type of 7-brane configurations we can consider.

In this paper we will work in a regime where the D3-branes are well described by an
effective field theory on their worldvolume; in other words we assume g;/N. < 1.

2.2 Review of 1/2-BPS seven-brane solutions

~® = 71 +imy. The super-

A static 7-brane sources the metric and axidilaton 7 = Cy + ie
gravity equations of motion of this system, or alternatively the preservation of supersym-
metry, require 7 to be a holomorphic! function of z, and near the source it should behave as

T ~1In(z — 2z9). The key ingredient to having solutions with a dilaton that does not diverge

"Whether 7 must be a holomorphic or anti-holomorphic function depends on one’s definition of positive
orientation, or equivalently on whether one wishes the supersymmetries preserved by the 7-brane to have
positive chirality or negative chirality. Later, we will choose the supersymmetries preserved by the D3-



as z — oo and a finite energy per unit 7-brane volume, is to use the SL(2,Z) invariance
of IIB string theory to allow the axidilaton to make jumps by PSL(2,Z) transformations.
Values of the dilaton that are related by such transformations are physically equivalent.
One can alternatively represent such solutions with a 7(z) that does not have discontinuous
jumps by making use of Klein’s modular j-function-a 1:1 and onto map j : Fy — (f}, where
Fj is the fundamental domain of PSL(2,7). This map is holomorphic everywhere except
at the cusps of Fy, at which j(7) = 1, j(p) = 0, and j(ico) = oo, where p = €*7/3. Around
these points, j7! : C — Fj behaves as

i+vVz—1+0((z—1)1)
iz = o+ 2P+ 0P (2.1)
slogz + O(1/2)

respectively. Around these points 7 = j7!(z) has PSL(2,7Z) monodromy S, T~'S, and T

respectively, where S, T are the usual generators of SL(2,Z) and A = (Z Z) € PSL(2,%Z)

acts on 7 via
ar+b

AT = .
T ct+d

(2.2)

If we were simply to set 7(z) = j~!(z), the logz behavior looks promising, but the
failure of holomorphicity around z = 0,1 indicates that SUSY is not globally preserved.
This can be remedied by taking

7(2) = 5 (f(2)), (2.3)
where f(z) = P(2)/Q(z) is a meromorphic function with the properties

f(2) =1+ (2—2)?+0((z — z)*), near z; such that f(z) =1,

f(z) =(2—2,)3+O0((z — 25)%),  near z, such that f(z,) =0 . (24)

We also label the poles of f with the notation zl(g

; these points will correspond to locations
of 7-branes. We can assume that P, Q) are polynomials of the same degree so that z = oo
is not a special point of f — this is just a choice of coordinate system. If f has Ny poles,

then the modular invariant and nowhere vanishing metric is given by

ds® = ndatdz’ + 2 dzdz + Sapdy®dy” (2.5)
with
. , , 1 1/12
"9 = 7o (1) (7) (26)
Ly (= — 22z — 20

branes to be in the (2,4) of the corresponding SO(1,3) x SO(6), and at the same time declare that the
supersymmetries preserved by the D3/D7 intersection are right-handed with respect to the SO(1,1) of
the intersection. This puts the four preserved (complex) supercharges in the (—1/2,—1/2,4) of SO(1,1) x
SO(2) x SO(6), so that the corresponding spinor parameterizing IIB supersymmetry variations, €, is in the
(1/2,1/2,4). Requiring that the supersymmetry variation of the dilatino vanishes then implies that 7 must
be anti-holomorhpic.
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factor of 7o. (The explicit factors of (z—zi(:g )~1/12 cancel out the zeroes of the Dedekind eta

This is smooth everywhere except at the z;_’ where it behaves like log |z — zl(:g |, due to the
function at these points). These solutions were first constructed in [24] as “stringy cosmic
strings,” before the invention of D-branes, and they were later interpreted as D7-brane
solutions by [BF|. A recent analysis is given in [2g], whose notation we follow.

The minimum number of poles of such an f satisfying (2.4) is Ny = 6. 7(2) is then a
6:1 wrapping of Fy by €, holomorphic everywhere except at the ZZ(:O) Note that 6 = 3-2 is
the product of orders of monodromies around the cusp points 7, p of Fy. Any f(z) satisfying
the above requirements must in fact have N divisible by 6. On the other hand, since 7
goes to a non-zero constant as z — oo, the metric behaves as

1
lim e®

Jm e (2.7)

It follows that the transverse space is asymptotically conical, with deficit angle § = (Zw)%.
Hence for Ny = 12 the space is asymptotically cylindrical and for Ny > 12 it becomes
compact. For the compact case, it turns out that only N; = 24 avoids problems at z = oo.
The transverse space has deficit angle 47 — i.e. it has become an S? (or CIP'). Thus there
are only three values? Ny can take, 6,12, 24.

Around the z(n)

1007

correspond to the locations of ordinary D7-branes, on which F'1-strings (or (p,q) = (1,0)

7 has monodromy T, so that Cy — Cy+ 1. Naively then, these points

strings) end, as they have magnetic R-R O-form charge 1. However, in constructing these
solutions we have essentially gauged SL(2,7Z), which acts on the (p,q) charges of F'1/D1
bound states, so this naive intuition turns out to be wrong. Before discussing this, we
mention that [P has argued that the orbifold points of 7(z) = j7!(z) at z = 0, 1 correspond
to the location of (p,q) 7-branes in a different conjugacy class-i.e. not related to the ordinary
(1,0) 7-branes by an SL(2, Z) transformation. If so, it is possible to construct solutions with
any value of Ny. However, some of these branes, if they exist at all, have negative mass,
and their worldvolume dynamics is not well understood, so we will not consider them.

In fact, it is clear that one can not have 24 D7-branes on a compact (transverse) space,
as there would be nowhere for the field lines to go. If some of the 7-branes are more general
(p,q) 7-branes then we might avoid this inconsistency. By observing that 7(z) is an elliptic
fibration over a CIP! base, (ie. compactification of F-theory on K3), and noting that such a
fibration has only 18 relevant complex moduli to vary, Vafa [R7] argued that there are only
18 relative positions® of 7-branes that can be varied. Even though we have 24 7-branes,
they are not perturbative 7-branes of a given string theory; rather each is a perturbative

2If one allows 7 to have nontrivial monodromy around z = oo, then it is possible to have other values
of Ny that are divisible by only 3 or 2. However, this is accomplished by setting z, = oo or z; = co. As
a result, 7 is everywhere constant and equal to p or . Thus these solutions are nonperturbative in nature
and we do not consider them.

3For the configurations we will consider, the 18 complex moduli are accounted for as follows. We have
the positions of 4 O7-planes and 16 DT7-branes, as well as the asymptotic value of the axidilaton, giving 21
free complex parameters. However, 3 of the 7-brane positions can be fixed arbitrarily using the SL(2, C)
coordinate transformations on CIP!, leaving us with 18 physical moduli.



7-brane of some (p, q) theory. Near each one we can use a perturbative description of the
(p,q) theory, but in going from one (p, q) theory to another, one may double count states
— there is no globally perturbative description in the generic case. It turns out that one
can take at most 16 7-branes to be D-branes of a given (p, q) theory, say the (1,0) theory.

This argument breaks down in the Ny = 6,12 cases since the field lines can run off to
infinity. Nonetheless, by examining the explicit solution, in say the Ny = 6 case, one can
see that there are regions where e™® ~ 1. One can have at most four ordinary D7-branes
in a region of e”® <« 1. A better description in the region of the other two 7-branes is in
terms of SL(2, Z) transformed 7-branes [Pq]. Similarly, in the Ny = 12 case, one can have
at most 8 ordinary D7-branes.

One can consider special configurations of 7-branes (in the compact or noncompact
case) where the axidilaton is everywhere constant [2§, RJ]. These correspond to taking cer-
tain combinations of (p, ¢) branes coincident and can be classified by orbifold limits of K3.

We will restrict attention to to those solutions that have a perturbative description in
gs- In the constant axidilaton case, with Ny 7-branes, such solutions correspond to N;/6
sets of 7-branes, each of which can be viewed as 4 ordinary D7-branes coincident with an
O7-plane. More precisely, the O7-plane is an O7~ plane, with a charge of —4 relative to
a DT-brane, and such that the gauge group on the 4D7 4+ O7~ worldvolume is SO(8). 7
is everywhere constant and can take on any value; thus there exists a g; — 0 limit. Note,
though, that even in this limit, the metric is nontrivial. It can be made locally flat, but
globally it still has a deficit angle. The compact case is convincingly argued by Sen 23] to
be dual to Type I and heterotic with the gauge group broken to SO(32) — SO(8)%.

We will also consider deformations of these solutions obtained by pulling the 4 D7-
branes off of the O7-plane. These solutions have a varying axidilaton. When this is done,
the OT7-plane splits nonperturbatively into two (p, q) branes. This was studied by Sen [@],
who related the moduli space of the system to that of N'= 2 Seiberg-Witten theory with
four flavors [B1]. The splitting can also be seen from the supergravity solutions of [26].
However, the region of strong coupling remains localized and is shielded by the four D7-
branes. The string coupling remains small away from the system (and in the immediate
vicinity of the D7-branes where 79 — o00). By encircling it at a safe distance one can
measure its charge to be that of an O7~ plane. Around this region of an “effective” O7-
plane, the supergravity solution has monodromy S? = —1. 7 is invariant under S2. For
the D3-brane modes, though, this will play a crucial role in the analysis.

2.3 Strings, symmetries, and supersymmetries

We have four kinds of strings: closed and 7-7, 3-3, and 3-7 open strings. The massless
modes of the closed strings form the IIB supergravity multiplet in the bulk. The massless
7-7 modes form an N = 1, d = 8 hypermultiplet, consisting of one complex scalar, one
Weyl fermion, and the gauge field, all in the adjoint of the gauge group. We denote these
fields as (¢(D7),1/J(D 7),A,(f)a)). For simplicity in the following discussion, we will focus on

one set of 4 D7’s + O7~. Then if the 4 D7-branes are separated from the O7-plane, the
gauge group is U(4), while in the orientifold limit it is enhanced to SO(8);.



2.3.1 3-3 strings, monodromy, and the color gauge group

The story of the 3-3 strings is far more interesting. The massless modes form the familiar
content of N' = 4 Super-Yang-Mill’s: three complex scalars, four Weyl fermions and the
gauge field. Following® the notation of [[[d], we denote the field content as

(MY, 4", Ap,). (2.8)

Here the superscript i,7 = 1,...,4 is an index in the 4 of SU(4)g while subscript ¢, 7 is
an index in the 4. The three complex scalars have been packaged into an antisymmetric
matrix M% = —M7? that additionally has a reality constraint (M%) = %eijklel = M;;.
These fields are adjoint valued, but what is the gauge group?

Normally one would expect the gauge group to be U(N,) for N, stacked branes, but
what is the effect of the orientifold plane? Around the orientifold plane there is an SL(2,7Z)
monodromy S? = —1. This corresponds to the transformation Q(—1)Z on closed string
modes of the IIB theory, where € is worldsheet orientation reversal and (—1)% flips the
sign of all Ramond states on the left [RJ]. For the 3-3 strings it corresponds to €2, which, for
the massless modes amounts to complex conjugation of the U(/V,) representation and a Zg
action on the string wavefunction. For strings with Neumann boundary conditions the Zs
action is —1, while for strings with Dirichlet boundary conditions it is +1. Hence, ) gives
a —1 for the gauge field and a 41 for the scalars and fermions in addition to exchanging
the Chan-Paton indices. Modes that propagate around the orientifold plane only come
back to themselves up to this transformation. It is a discrete Zs gauge symmetry and we
would like to extend the U(N.) group to include it. This can be done using the following
construction.”

Automorphisms of the Lie algebra of U(N.) consist of Zy, transformations which
are elements of U(N,.) and hence inner automorphisms, and a Zs element which acts as
a reflection of the Dynkin diagram and is not an element of U(N.) and so is an outer
automorphism. Using this Zs element, which we will call ¢, one can construct a semi-
direct product of U(N,) with Zs, or a Zy extension of U(N.) which we will call U(N,):

1—=UV:) = UWV,) = 7o — 1. (2.9)

In terms of group elements, let h; denote elements of U(N.). We define a multiplication
rule for elements (h;,o) by

(hi,O')(hj,O') = (hlh;kvl)v (2.10)
(i, 0) (s, 1) = (il o), (211)
(hi, 1)(hj, 0) = (hihj, o). (2.12)

One can easily check that this defines a group which we call U(N,).
Since we are going to consider string defects (the D3/O7 intersections) in N' = 4
SYM’s with holonomy corresponding to o = 2, we, according to the philosophy of discrete

“Except that the fermions are in the 4 of SU(4)r and the supercharges are in the 4 in our conventions.
5We thank G. Moore for explaining this to us.



gauge symmetry, declare that our gauge group is H = m Furthermore, since o
takes representations to their complex conjugates, we can view it as a generalized charge
conjugation operator of the type studied in [BY], and therefore strings with ¢ holonomy
should be thought of as Alice strings [B3-B4].

In the presence of solitons there can be obstructions to the global extension of the local
symmetry group H so that only some subgroup H C H is the group of globally well-defined
symmetries [B2, Bd-Bg]. Following the discussion in section 2 of [BY, a string in a theory
with unbroken gauge group H and holonomy U(27) has a globally defined subgroup H
which is the centralizer of U(27) in H. For the strings considered here with U(27) = o
and H = U(N,) this subgroup is the set of (h,s) € H with s = 1,0 obeying

(1,0)(h,s) = (h,s)(1,0) (2.13)

which implies that h = h*. Since h € U(N.), this implies that hT = h™', that is that
h € O(N.). Thus the globally defined group is H = O(N,) x Zy (the product is now
direct since o acts trivially on h € O(N.)). Under this subgroup, the adjoint of U(N,)
decomposes into the symmetric plus antisymmetric tensor representation of O(N.,).

2.3.2 3-7 strings and preserved supersymmetry

Consider the D7/D3 intersection. The number of Dirichlet-Neumann plus Neumann-
Dirichlet directions is eight. The system is supersymmetric, preserving 1/4 of the IIB
supercharges; however, the NS zero-point energy is 1/2 so there are only Ramond ground
states. After imposing the GSO projection, these form a single Weyl spinor of Spin(1,1),
transforming in the (N, 4) of O(N.) x U(4)s (or the (N, 8) of O(N,) x SO(8)s). How can
supersymmetry be preserved if the massless spectrum on the intersection has only fermionic
degrees of freedom? The fermion must be a singlet under the supersymmetry action. We
will take the fermion to be left-handed, denoting it ¢7. Then from the 1 + 1-dimensional
point of view, the supersymmetry is A/ = (0, 8); all of the supercharges are right-handed.
We denote them by Qg;, Q%.

Finally, the ten-dimensional local Lorentz symmetry of IIB is broken down to SO(1, 1) x
SO(2) x SO(6) by this setup. The SO(2), corresponding to rotations in the plane transverse
to the 7-branes, is only preserved in the maximally symmetric case where all D7-branes
and OT7-planes coincide. The transformation properties of the 3-3 modes, 3-7 modes, and
supercharges under the full symmetry group are listed in table .

3. Anomalies, the effective action, and D3-brane zero-modes

Having described the system we will be studying we would like to identify the zero-modes
and hence the low-energy effective action describing massless excitations on the string
intersection. We first present a puzzle, and then resolve it later using both an index theory
calculation and an explicit construction of zero-modes.



SO(1,1) x SO(2) x SO(6) | O(N,) x U(4)£(SO(8)¢)
MY (0,0,6) (N2,1)
Y’ (3:3:4) + (=5, —3:4) (NZ,1)
A Az s | (1,0,1),(0,£1,1) (N2,1)
qr (3,0,1) (N, 4(8))
Qu,Qh | (-3.-3.9,(-3349 |1

Table 2: Transformation properties of D3-brane and intersection massless modes and preserved
supercharges. We specify the charges of the fields under the action of the Abelian groups and the
dimensions of their representations for non-Abelian groups.

3.1 An anomaly puzzle

Let us first suppose that the four D7-branes are separated from the O7-plane. The chi-
ral fermions, qr, localized at the D3/D7 intersection have both gauge and gravitational
anomalies. The well established mechanism of anomaly inflow from the D3- and D7-branes
cancels this zero-mode anomaly [[]-[[J]; we will not review the details here. However,
consider the D3/O7 intersection. There are (apparently) no zero-modes localized at the
intersection — at least not from open string quantization. (Note also, this is an orientifold,
not an orbifold — there are no twisted closed string sectors). On the other hand, there is
inflow.

The anomalous couplings on the D3-branes and O7-plane [R0—PJ] are given by:

SWEZ — % | NeCi=G A Y (D3)© (3.1)
/
SWZ — % Cs — GAY(07)O (3.2)
28

where G is the sum of R-R form field strengths and the Y are characteristic polynomials

Y (D3) = ch(F.) A %, (3.3)
L(Rpss /4)

07 RSt A

(0 L(Ryss/4) &9

We are using standard conventions in the anomaly literature, where 472’ = 1. This
sets the IIB Dp-brane charge and the constant in front of the supergravity action to
Hp = (2k3,)~! = 27. The Op-plane charge is given by ,ufn = —2p_5,up. We are also
using the descent notation for characteristic classes: Y — Yy = dY(O), where Yj is the
constant piece, and under a gauge transformation §Y(® = dY (). We write Chern classes
without a subscript if they are evaluated in the fundamental representation, and will de-
note the dimension of the representation in the subscript otherwise. L is the Hirzebruch



L-polynomial and A the A-roof genus. They can be expanded in Pontryagin classes as

AR) =1 op(R)+ -+

L(R/4) =1+ (R)+--- . (3.5)

1
3. 42p1

Following the standard anomaly inflow analysis, the gauge variation of the action is given
by 27 times the integral over the intersection of the descent of an anomaly polynomial:
5SWZ = 27Tfl(1), where

[inf-D3(0T — (952 “(32’;;7) (Y/(D3)Y (07) + Y (O7)Y (D3))

= 2(Y(D3)Y (07) + Y (07)Y (D3)). (3.6)
Here, Y is given by conjugating the representation of the gauge group in Y, but this will not

make a difference in our case. Since our intersection is two-dimensional, we are interested
in the 4-form part

inf. 1 !
I £.D3/0T _ deo(F,) + AN, <_4—8p1(RT24) + ﬁpl(Rszx) +
1 1
—|—%p1(RT28) - %pl(RNES) . (37)

Let us decompose the ten-dimensional tangent bundle according to TM = Tgo(1,1) ©
Nso6) @ Nso(2), and use p1(E @ F) = p1(E) + p1(F) to arrive at
7ind-D3/07 _
1 -

NC Nc NC \7
deo(Fe) — ﬁpl(TSO(l,l)) + ?pl(NSO(G)) - ?pl(NSO(Z))' (3.8)

One may raise objections to this analysis. As we reviewed above, Sen [PJ| has shown
that when separating the D7-branes from the OT7-plane, the region near the OT7-plane
has e=® ~ 1. Nonperturbative effects cause the O7-plane to be split into two SL(2,7Z)
transformed 7-branes. Nomnetheless, if we circle around the region of strong coupling at a
safe distance, where a perturbative description is valid, it “looks” just like an O7-plane
— it has the same charge and induces the same SL(2,7Z) monodromy on the spectrum.
Furthermore, one does not expect well-behaved corrections (perturbative or not) to alter
the result of an anomaly computation.

We can further demonstrate that there is something missing by considering the question
of anomaly inflow and cancellation in the orientifold limit, where the D-branes and O-plane
coincide. In this limit, the string coupling is constant and can be taken arbitrarily small
(to zero, in fact!). The inflow onto the intersection is now a sum of inflows from the D3/0O7
intersection and the D3/D7 intersection. The D3/07 inflow is given above (B.§). We now
have an SO(8) gauge group on the D7-branes; there are eight D7-branes counting their
images. Note, though, with this counting, we must use the Type I charge ,u;g) = %,u,(,n).
We thus find

JnfD3/ADT —i(Y(D?))Y(D?) +Y(D7)Y (D3)), (3.9)
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with
Y(D7) = ch(Fy) A | o= (3.10)
and Y (D3) as before. Note the Chern form in Y (D7) is being evaluated in the 8, of SO(8).

We find the 4-form component of this to be

inf. Nc NC
I FDSADT — gy (F,) — 702(Ff) + fpl(TSO(l,l)) (3.11)

so that the sum of inflows onto the orientifold intersection is given by

nf. nf. Nc Nc
I f.D3/4D7 1 f-D3/07 _ _762(Ff) + §(p1(TSO(1’1))
+p1(Nso)) — P1(Nso2)))- (3.12)

Observe that the co(F.) anomaly cancels between the the D3/O7 and D3/D7 inflows.
This makes physical sense, of course. This term in the anomaly comes from two places:
the coupling of tr(F2)() to Gy in the D3-brane action, and the gauge variation of Cg in
the D7-brane and O7-plane action. But in the orientifold limit, G1, or equivalently Gy,
is no longer sourced because the R-R charge cancels locally between the D7-branes and
O7-plane. Thus, there is no Cg one-point coupling in S}%Z + SB‘@Z, and so dG1 = 0.

There is also a contribution to the anomaly from the 3-7 strings localized on the
intersection. These are left-handed Weyl fermions. The ¢y transform in the (N, 8) of
O(N.) x SO(8) as do the q};. However, in the orientifold limit, the ¢;, and qTL are related
by the orientifold projection. Worldsheet orientation reversal sends qr, to qTL, so only the
linear combination qj, + qTL survives.5 This produces an extra factor of 1/2 in the index
formula for the zero-mode anomaly: §5*™ = 27 f([z'm')(l), with

1 ~
I = Sehav.8)(Fe © Fy) A A(Tsoa )l
N N,

= dea(Fe) + 7002(Ff) - Fcpl(TSO(l,l))- (3.13)

As expected, the zero-mode anomaly precisely cancels the D3/D7 inflow anomaly, and
the D3/O7 inflow remains uncancelled as before:

i Ian.D3/4D7 _'_[inf.DB/O? _ [inf.D?)/O? . (3.14)
Clearly something is missing. As we will see, the correct resolution of this puzzle will

depend on the value of Ny. First, however, let us give a more detailed description of this
system that will be useful in the following.

6This 1/2 can also be understood as follows. Moving the D7-branes to the O7-plane should not produce
any new massless 3-7 modes. (There are no stretched strings to become massless as in the 7-7 case). Before
moving the D7’s to the O7 we had 2 - 4N, 3-7 states. Now we still have 8 N, states.
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3.2 Low energy effective action

In this section we would like to write down an effective action governing fluctuations of the
system about the supergravity background discussed above. We will work in the low-energy
limit o/ — 0. In this limit the fluctuations of bulk and 7-brane modes decouple from the
rest of the system, and we will not consider them further.

The action for the 3-7 strings is”

1 2w D7
Ss7 = o /Id 2@V (10 — Ay + A7) Li2)q - (3.15)

The ¢ have indices in the bi-fundamental of O(N.) x U(4)¢ (or O(N.) x SO(8)y) that are
suppressed. After canonically normalizing the gauge fields one sees that the coupling to
AE 7 vanishes as o/ — 0 and the flavor group becomes a global symmetry. For the SO(1, 1)
gamma matrices we take ’Y?z) = io? and 7(12) = o', so that Y2) = o3, where the ¢! are Pauli
matrices. Then L9)q = %(1 +0%)q = (qz,0)7, so that

1
Syp— A / Paql (10 — A )ar, (3.16)
27T I

where 0_ = %(80—81) etc. Thus, in our conventions, left-handed corresponds to left-moving
in 1+ 1 dimensions, where by “left-moving” we really mean g, = gr(z"). Using the fact
that the ¢z are supersymmetry singlets, one can verify that, in standard Wess and Bagger
notation, the subset of preserved N’ = 4, d = 4 supercharges is Q%, QQj? 7=1,...,4. These
have the anticommutation relations

{Q, Qsy,} = 2P_0], (3.17)

ie. they are right-handed.

Next consider the 3-3 strings. We can obtain the low energy effective action by ex-
panding S = Sppr + Swz in the background of nontrivial metric, dilaton, and axion. The
bosonic part can be obtained by starting from the non-Abelian action given in [[i(], con-
verting to Einstein frame, and keeping O(a/°) terms. This procedure is straightforward
and we will simply give the result. After converting to our notation we find

1 1 1
Sbos- — ~5- /d4x\/—gtr<ze_¢anFm" + gC’oem"qumanq +
1 1 g )
5D MSD" MY — 16 Ml M 004, (319

where €123 = (—g)_l/ 2. D,, is the spacetime and gauge covariant derivative; acting on
scalars it is simply

Dy MY = 0, M + i[A,, MY]. (3.19)

One could rescale the scalar fields by M% — e~®/2)\ and identify G = 2me®. Then
part of the action will have the standard N/ = 4 form, in a curved spacetime and with

"We assume that, in the compact case, there are no Wilson lines turned on.
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a spacetime dependent g%M and f-angle. However, the derivative on the scalars will also
generate a coupling to 0,,® if the dilaton is nonconstant. Thus the effective action is not
quite what one might guess by naively generalizing the usual N’ = 4 action.

The fermionic Dp-brane actions in general bosonic supergravity backgrounds have been
worked out very explicitly to quadratic order in fermions in [[fI]. They restricted attention
to the Abelian case, but to quadratic order in 3-3 modes, one can trivially generalize to
the non-Abelian case by adding a trace. In other words, their results are applicable up
to three-point couplings of the fermions with the gauge field and the scalars. After some
work, one reduces the general formula of [iI]], in the case of D3-branes in a background
metric, dilaton, and R-R 1-form field strength, to the following effective action:

Sg—cgm- = % /d4337'2\/—_gtr <&i7m(Dm + %Qm)LQpZ) +
+O(WV* A, > M). (3.20)

This is an important result, and we give the details of the calculation in appendix [A]. There
are a couple of comments to be made. D, is the spacetime covariant derivative,

1
D,, = Oy, + Zwab,mv"b, (3.21)

where wgp m, is the usual spin connection associated with the metric. @, is defined by

O (T +7)

@m 2i(t — 7)

(3.22)

This is the pullback over the spacetime of the Kahler connection @) = %(&Kd?—@;ICdT‘) on
the special Kahler manifold SL(2,R)/ U(1), where K = log 73 is the Kahler potential [26].
The coupling of the fermions to this connection will play a crucial role in the following.

Later, we will also require the full fermionic action, including the three-point couplings
to the gauge field and the scalars. These couplings can be deduced by using gauge invariance
and requiring that the action reduce to the standard N’ = 4 case when the axidilaton is
constant. These considerations lead us to

sig™ = - [ atev=gdn (0" @0 + jomLe ) +
wva( (@ Ley, ) + GRR), 07 ) b (3.23)
where Dy, = Du + i[Am, -

3.3 Zero-modes on the D3-brane

1IB string theory is believed to be a consistent, anomaly free theory. Therefore the anomaly
puzzle indicates that (1) we don’t have the proper anomalous couplings for this type of
D-brane/O-plane intersection to give the correct anomaly inflow, and/or (2) we haven’t
accounted for all of the massless, chiral zero-modes localized on the intersection. Let us
first investigate the latter possibility.
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3.3.1 The index calculation

If there are more zero-modes, then they must come from the 3-3 strings. We have already
accounted for the 3-7 strings, and the 7-7 and closed strings decouple, becoming free in the
o/ — 0 limit (while the anomaly inflow to the D3/O7 intersection does not vanish in this
limit). Let us analyze the effective action (B.20)) with this in mind.
Since the supergravity background depends only on the transverse coordinates z, zZ, it
will be convenient to work with gamma matrices 7% = (y£,~%, %) satisfying
T]“V ab
{v*,4°} =2 02| . (3.24)
20

From the metric ds?> = N drtdx” + e**2)dzdz, one deduces the vielbeins
el = dat, et = e"?dz, & =e2dz (3.25)

Note that this implies e, = 1e%/2dz, e; = 1e%/2dz). From these it is straightforward to
z = 32 Z = 2
obtain

fymwabmfy“b = e‘“/2(’y§8a +1%0a), (3.26)

where we are using the shorthand 0 = 9,0 = 0s.
Let us choose a basis for the gamma matrices that is convenient for the decomposition

SO(1,3) — SO(1,1) x SO(2):

P =12@7y. =070y - (3.27)
Note in particular that
z Z o 5 0 2:}/(2) z Z o5 0 0
Z = g% - , 2= g% = . 3.28
vE =02 @) (0 0 =02 @) 202 0 (3.28)
Then the fermionic action becomes
sferm- — i / d*zron/—gtr (wioDiraCszi), with (3.29)
ODirac = 2 /}/é)aﬂ 26_a/2(DZ i %QZ)7(2) . (330)
2e~%(D; + 3Q2)V2) ’Yé)au

Now choose the yé) as before:

7?2) =io?, Yoy =0 = Y2y = a3 . (3.31)

Lisy 0 10 00
LZ( (())R(2)>7 where L(2)2<00>, R(2)2<01>. (332)
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Therefore we make the ansatz
gi(:pu)f-l-('z’ 2)

: Mo (2t 2, Z) 0
Lyt = Tk 0 = . 3.33
v <)\§3_(x“,z,z) 0 (3:33)

Ep(zH) f-(2,2)
The £ are one-component complex Weyl fermions in d = 1 4+ 1 dimensions, while the £

indicates the sign of the SO(2) charge, consistent with the decomposition 2 — (3)4++(—3)—
under SO(1,3) — SO(1,1) x SO(2). Plugging all of this in, we are left with the action

erm. i 1 i _—a * i
sl = —5- [ dany=ie (LGP + elghe P 1D. + 50001

+%&wﬂmm+§wﬁ+%m%ﬁ©. (3.34)

Thus we see that the number of left-moving, massless zero-modes is equal to the number
of linearly independent, normalizable solutions to (Dz + %Qg) f+ =0, while the number of

right-moving zero-modes equals the number of normalizable solutions to (D, +%@Q.)f- = 0.
We can construct the two-dimensional Euclidian Dirac operator and spinor:
_ _z i z i _ f—l—

Then the number of left-moving modes (solutions of PgLf = 0) minus the number of
right-moving modes (solutions of ZDQR f =10) is seen to be equal to the index

i l 1 ~
1nd(1¢Q)(1/2) = 5 /(DIP1 ChlfQ = _E i (fQ)ngZdZ, (336)

where (FQ).z = 0,Qz — 0:Q.. But this integral can be easily evaluated. Recall that the
supergravity equations of motion imply that 7 is an anti-holomorphic function, T = 7(Z).
(See Footnote [l for why we must take 7 anti-holomorphic instead of holomorphic). Then

one has
0T+ T) __8(7—%) 1
O = ir—r) T ai(r—r) 208 (3:37)
O +T)  Ar—7) 14
== Tairor)  zllem (3:38)
and so

(FQ)zz = %85 log 7y . (3.39)

Now, this is proportional to the volume element on the fundamental domain. Since it is a
modular invariant, we can pull the integral over the complex plane back to an integral over
Fpy. Recalling that 7(z) = j7'(f(z)) wraps the fundamental domain N times, we have

o i oror _ iNy i [ dnd
md(ﬂDQ)(l/z) = /C%dzdz == —/F T12T2
0

4r T—T) dr 2 5
Ny m Ny
- .- _J 4
8T 3 24 (340)
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This looks fractional except for the compact case, where Ny = 24. In fact, the form of
the index theorem above (B.36) is only correct on compact manifolds. For the noncompact
cases there is a surface term that must be properly accounted for [[iJ—[4].

The index theorem we just used assumes that the zero-modes have periodic boundary
conditions: f(e?™z,e”2"2) = f(z,%). However, recall that the 3-3 modes should have a
Z5 monodromy around the O7-planes, which acts by worldsheet orientation reversal. In
terms of the globally preserved gauge group O(N.), we have fermions in the symmetric
Nc(l\;c+1) + NC(N2c—1)‘

to consider. The states in the symmetric tensor representation should have a periodic

Thus there are two cases

plus antisymmetric tensor reps: Nz =

wave function, while the states in the antisymmetric tensor representation should have
an antiperiodic wave function. In this way the total state is single valued and thus well
defined.

This last point is somewhat subtle and deserves further comment. Away from the O7-
plane the gauge group on the D3-branes is locally U(N,). Thus one can, locally, distinguish
between a typical fermionic fluctuation v and its conjugate ¢. If we run v around the O7-
plane it will come back as 1), but the orientifold action does not locally constrain the space
of states. The fermionic zero-mode is different, however. It is, in a sense, a global object; we
will eventually solve for the explicit wavefunction f(z, Z) and see that it is extended around
the entire O7-plane. As we go around the O7-plane the state must be single valued and,
therefore, must be invariant under the orientifold action. As a consequence, the zero-modes
¢r,&r should only take values in O(N,).

We have so far found that there are Ny/24 right-handed zero-modes in the symmetric
tensor representation of O(N.). Now, antiperiodic boundary conditions can be obtained
from the periodic case by the singular gauge transformation 1, — 1, = e~/ 2¢p, where
0(z) = Arg(z) is the azimuthal coordinate. (The sign was determined from the fact that the
periodic zero-mode has SO(2) charge —1/2). Note, though, that we require antiperiodicity
around all of the O7-planes. If there are N;/6 O7-planes located at positions® zg?, then
the appropriate gauge parameter is a= %(91 +ooet 9Nf/6), where 0, = 0(z — 2867)). This
corresponds to the transformation §Q — §Q — §(dfy +--- + dHNf /6). This is a singular
transformation because “d?0”# 0. It gives a contribution to the field strength localized at
the 28?. We have

lndantisym.(sz)(l/@ = lndsym(sz)(l/@ - % /(]j §(d261 + d29Nf/6)

. . 1 N
= 1ndsym(z¢Q)(1/g) + E(27T)—f

6
, : Ny _ Ny
= lndsym(lth)(l/Q) + E = g . (341)

Thus, in the compact case, there is one left-handed zero-mode, in the antisymmetric tensor
representation of O(N,).

8 Away from the orientifold limit, there are not really O7-planes located at specific points 2867) . However,
there are regions of strong coupling that can be made relatively small and thought of as composite O7-
planes. If we only consider loops that go entirely around these regions, they can be approximated as

OT7-planes at locations zg‘;
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We have been implicitly considering the generic case, where the D7-branes are sepa-
rated from the OT7-planes, so that the axidilaton is varying. In the orientifold limit, where
7 becomes constant, one might rashly conclude that the index vanishes. However, as we
bring the D7-branes towards the O7-plane, we are bringing a region where 7 — 700 near
a region where 7 ~ O(1). This corresponds to 97 — oo in the vicinity of the branes while
0T — 0 away from them. Thus it appears that Fg is becoming J-function localized in
such a way that the index is preserved. This argument is heuristic. On the other hand,
it is born out by an explicit perturbative string theory analysis of the zero-modes in the
orientifold limit.

Let us now briefly review the orientifold limit of the Ny = 24 system and its well
known dual descriptions, as it will be useful in the following. Note also that we will be
focusing on the compact case exclusively in the next few subsections, and we will return
to the noncompact cases at the end of section B.§.

3.3.2 String dualities and the orientifold limit

The orientifold limit corresponds to an orbifold limit of the CIP! where it becomes equiv-
alent to T2/Z,. The easiest way to see the zero-modes is by doing T-duality along both
directions of the torus. Note that T-duality is a perturbative symmetry of string theory,
and so maps zero-modes to zero-modes. The D3/D7-O7 intersection is mapped to N,
D1-strings in Type I on RY7 x T2. The 3-7 strings are mapped to 1-9 strings, while the
D3-brane zero-modes are mapped to the massless excitations of 1-1 strings.

The 1 + 1-dimensional theory of massless modes on the worldsheet of N, coincident
D1-strings in Type I has been well studied in the context of Type I/heterotic duality [[5],
and heterotic matrix strings [if§—[9]. It is a theory with (0,8) supersymmetry, O(N.)
gauge group, SO(8)r R-symmetry group, and it is uniquely specified by the Yang-Mills
coupling ¢g1. The action is

1 1 1 g3
Spp = —— | Patr| —F,, F* + (D, X"? — ZLxT x71?
D1 27‘(/ $r<4g% uv +2( o ) 4[ ) ]

+;—2AfCD_AL +i0RCD 0k + 2N Col [0r, XT] —ixi D_ XL).
1
(3.42)

The transformation properties of the field content under the gauge and global symmetries
are given in table . The supersymmetry variations can be found in [i§). We have D, =
Oy +ilay, |, with a, a 1 + 1-dimensional gauge field. (a,,Ar) is a gauge multiplet in
the antisymmetric (adjoint) representation of O(N.) and (X',0z) is a hypermultiplet in
the symmetric tensor representation. The x are the supersymmetry singlets coming from
1-9 strings. Ap,fr are self-conjugate spinors in the 8¢ and 8. of SO(8)r respectively;
the subscripts refer to their worldsheet chirality. C is the charge conjugation matrix of
SO(8) acting on both Weyl representations, and the o/ are Clebsch-Gordan coefficients for
8; X 8. — 8, with I an index in the 8,.

In table B we also indicate the zero-modes in the D3/D7-O7 system that are T-dual
to the Type I D1-string modes. Note that the assignments Ay, = (£5,¢5,), Or = (€&, &)
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D1 SO(1,1
T-dual modes (1,1) O(N.) x SO(32)
modes x SO(8)r
A 1,1
gauge a” o (1) <7NC(N26_1), 1)
)\L glL @fzz (1/2,83)
XI (AzyA,f?Mij) (0781)) )
hyper i ) <NC(N2C+1) : 1)
HR 53@532‘ (_1/2780)
hyper | xL qr (1/2,1) | (N.,32)

Table 3: Field content of Type I D1-string worldsheet theory and the corresponding T-dual modes
in the D3/D7-O7 Type IIB orientifold theory.

are consistent with the decompositions 8, — 44 +4_ and 8, — 4_ + 4, under SO(8) —
SO(6) x SO(2). Futhermore, since the £ only take values in O(V,) the gauge representation
assignments of Az,0r make sense. The relations a, < A, and X! & (A, Az, M) are
standard from T-duality. They do indicate to us, though, that away from the orientifold
limit we should expect these (nonchiral) bosonic zero-modes as well.

We will explicitly construct and verify all of these zero-modes in the general super-
gravity background away from the orientifold limit in section B.§. Having deduced the
existence of the 3-3 chiral fermionic zero-modes in the general case from index theory, let
us first return to the anomaly puzzle and try to resolve it.

3.4 Anomaly cancellation in the compact case

We saw in section .1 that the zero-mode anomaly from the 3-7 strings, qr, cancels the
anomaly inflow onto the D3/D7 intersection. Now let us consider the anomalies of the 3-3
zero-modes. Recall that the classically preserved symmetries of the system (and hence the
ones that are potentially anomalous) are

SO(1,1) x SO(6) x O(N.) x Gy, (3.43)

where SO(1,1) is the structure group of the tangent bundle of the intersection string,
Ts0(1,1), SO(6) is the structure group of the normal bundle, Nso(g), of the string in RM7,
O(N,.) is the globally preserved gauge group of the D3-branes after taking into account
the “Alice string” projection, and G is the gauge group of the 7-branes. The 3-3 zero-
modes transform under these symmetries as indicated in the previous section. Hence the
associated anomaly polynomials are

1 -
I§* = 5ehS(Nso(e) A chneosen (Fo) A A(Tsoq) (3.44)

1 .
IER - —§ChS(Nso(6)) A\ Cth(l\;c+1) (Fc) A A(Tso(171))’4 5 (345)
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where S(N) denotes the spinor bundle of N. We can evaluate these explicitly using

chw(ﬂ) = w + (Ne — 2)co(Fp) + - - -, (3.46)
chweosern (Fe) = w + (Ne+2)ca(E) + -+, (3.47)
chS(Nso()) = 8+ p1(Nso@)) + - (3.48)
to find

rp = M 2D vy a2 - 2D ) ()
i = N () - a t 2)enm) + D ) as0)

Adding these together gives
15 4 157 = —%pl(Nso(ﬁ)) + %pl(TSO(Ll)) — 16¢3(F). (3.51)

Observe that this is precisely equal and opposite to four times the inflow onto the inter-
section of the D3-branes with an O7-plane (B.§):

IS0 4 I§R 4 agim D30T — (3.52)

(We are ignoring the SO(2) term in the inflow because it is not a symmetry of the config-
uration we are considering). In the compact case, there are indeed four O7-planes. Thus
anomaly cancellation can be achieved if the 3-3 zero-modes are symmetrically localized
on each of the OT7-planes, such that their net anomaly is divided equally in four ways.
Studying the question of localization requires some knowledge of the explicit zero-mode
wavefunctions. Let us now turn to their construction.

3.5 Explicit zero-mode solutions

Using the effective action presented in section B.3, one can explicitly solve for both the
bosonic and fermionic zero-modes in the general case, away from the orientifold limit. One
does indeed find unique solutions with the appropriate quantum numbers, corresponding
to the content in table f]. The analysis is detailed and the arguments are subtle at some
points, so we feel it is best to leave the explicit computations to the appendix. Here we will
emphasize one key point that is crucial to the analysis, and we present the results in table §.

The general strategy for finding massless modes localized along the D3/O7 intersection
is straightforward. One makes the ansatz ®ps = ¢(z#)y(z, Z), where ® p3 is some D3-brane
field, and solves for y such that the 3+ 1-dimensional equation of motion for ® p3 is reduced
to a 1 + 1-dimensional wave equation for ¢(z*). One easily obtains the general solution
for y(z,z) in all cases. The powerful tool that allows us to find a unique solution is the
requirement of SL(2,7Z) covariance. Generically, y solves an equation Ly = 0 and the
operator £ depends on the axidilaton 7. In the supergravity background 7 undergoes
various SL(2,Z) monodromies around closed loops, and thus so does £, £L — £'. However,
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D1 content | zero-mode

gauge field a,,

(
scalars X! | A; = ¢g(z) X7 (a")

, o ()
w-aea | = (5m)
Or =Rk | ;= 69<g(z)>1/4

fermions

Table 4: The 3-3 string zero-modes. g¢(z) is the holomorphic function appearing in the metric,

9(2) = (7 (2))/([I2L, (2 — 2{™)1/12) "and the c are normalization constants to be determined. The

™Y that relate M and X are the SU(4) Clebsch-Gordan coefficients.

since the background was constructed by gauging SL(2,7Z), it follows that y must also
transform in such a way that the equation of motion is invariant: Ly =0 < L'y = 0.
Requiring that y transforms appropriately allows us to fix a unique solution. Note that
there is also the requirement that ¢(z*) be normalizable to represent a zero-mode. It is a
nontrivial check that the y we fix by SL(2,Z) covariance lead to an action that has finite
integral over the transverse CIP!.

Now that we have the explicit 3-3 fermion zero-modes in hand, let us return to the
question of anomaly cancellation one more time. Globally, there is no question; the chiral
zero-modes found above have the right Lorentz and gauge quantum numbers to cancel the
anomaly inflow associated with the intersection of the N, D3-branes with the 4 O7-planes.
The issue is whether the anomaly cancellation takes place locally. Let us first suppose that
we are away from the orientifold limit. The zero-mode solutions are not really localized at
the intersection of the D3-branes with an O7-plane, as there is no O7-plane. On the other
hand, the solutions are localized symmetrically around the four sets of 4D7 + O7’s. One
can really say no more of the D3/0O7 inflow calculation either. The most we can say with
what has been presented so far is that the calculations—zero-modes and anomaly inflow —
are at least consistent with local anomaly cancellation.

We claim that the solutions presented above correctly give the zero-mode wavefunc-
tions, even in the region of strong coupling. This is because they were uniquely fixed by
considerations in the perturbative region, where we know our analysis is valid. On the
other hand, we know that the anomalous couplings on the D7-brane and O7-plane that we
used, (B.10), (B.4), do receive corrections in the local string coupling 7. The exact couplings
are known, to some extent, thanks to the Heterotic/Type I duality. See for instance [R9] and
references therein. It would be interesting to see if completely local anomaly cancellation
could be verified using these results, but we will not pursue this here.

Let us make a few comments about the orientifold limit. The axidilaton becomes
constant, so the connection Q,, is trivial. There is, however, still an S? monodromy
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around each of the O7-planes, and the metric is nontrivial. It has the same form, where

we replace
24 4 i
H(z - zi(gc?)l/24 — H(z — 2(07))1/4 . (3.53)
n=1 k=1

In fact, the solutions we derived above for the zero-modes are still valid in this limit. They
solve the equations of motion, have the correct monodromies, and are normalizable. The
factors of 7o and n(7) are now simply constants. Hence, in this limit, we clearly see that
the zero-modes are symmetrically localized at the zg?. This of course is in agreement with
what one finds from a standard perturbative string calculation of the zero-modes in this
limit.

Finally, let us briefly return to the noncompact cases, Ny = 6,12. We remarked
at the end of the index computation that, on noncompact spaces, there is in general a
boundary term contribution to the index. The boundary is the surface at infinity, and this
contribution can be nonzero if the gauge configuration (@, in our case) does not fall off
fast enough. We expect that this will be the situation for us. In the Ny = 6,12 cases, Q,
has nontrivial monodromy? around z = oo and so fSéo Q¢ # 0. When properly accounted
for, we expect that the boundary contribution will cancel the bulk result in both cases, so
that the index vanishes.

This expectation can be verified by explicit examination of the candidate zero-modes.
Proceeding as before, the general solutions for the transverse wavefunctions would be of
the same form and we would impose the same conditions from SL(2,7Z) covariance. This
would uniquely fix candidate solutions — they would be the same ones as in table [, but
with the “24” in g(z) replaced by a “6” or “12.” Then one quickly sees, following the
analysis in the next section, that these solutions fail to be normalizable. Thus one can
show, by direct computation, that there are no zero-modes.

We have argued that the index can be consistent with this, but what about anomaly
cancellation? If there are no 3-3 string zero-modes in the noncompact cases, what does
one make of the anomaly inflow onto the D3/O7 intersection in these cases? There must
be anomalous boundary WZ couplings for Dp-branes extended in noncompact spaces. We
conclude that these terms must be present here and give a cancelling contribution to the
anomaly inflow, though we do not perform the explicit computation. It is amusing to note
that if one were to take the fractional result of the bulk index computation and conclude
that there is a “fourth of a zero-mode” or “half of a zero-mode” in the Ny = 6,12 cases,
then the corresponding anomalies, %I LR or %I Sk would cancel the “bulk” inflow onto the
intersection of the D3-branes with one or two O7-planes respectively. This is an example
where the bulk contribution to the index matches with the bulk contribution to the inflow,
and thus the boundary contribution to each must match as well.

9This is nicely shown in the analysis of @] Referring to the bottom figure on page 26 of that paper,
each set of 4D7+4 OT’s has a point z; associated with it, about which there is SL(2, Z) monodromy S2. In the
noncompact cases these z; are taken to infinity. Then there will be a monodromy of S or §* around z = oo
in the Ny = 6, 12 cases respectively. @, transforms under the double cover of SL(2,Z), (see appendix EL
and so will have monodromy Q,, — iQm, —Qm respectively.

— 21 —



4. Application: moduli dependence of the heterotic string coupling

In this section we evaluate the 3-3 string effective action, given in (B.I§) and (B:23), on
the zero-mode solutions found above, and integrate over the transverse CP' to obtain the
1 + 1-dimensional theory. When combined with the 3-7 string action, (B.16), the result
should be the DI1-string worldsheet theory (B.42). However, since we have the explicit
zero-modes, we will be able to carry out this procedure in the general case, away from
the orientifold limit. Thus we will learn how the D1-string Yang-Mills coupling, and by
Heterotic/Type I duality, the heterotic string coupling, depend on the moduli zje.

The strategy will be the following. We will fix the normalization constants by canon-
ically normalizing the p-direction kinetic terms in the 3-3 string effective action. Then
integrating the 3- and 4-point couplings over the CP! will give us the coupling ¢ (2is0). It
will be a very nontrivial check that all of these coefficients can be expressed in terms of a
single g¢;.

Let us begin with the gauge field action. We momentarily employ indices 7, j to run
over z,Z. Simply by writing A, = (A, 4;), integrating the Chern-Simons-like term by
parts, and using O = 0, one can show

—%/d4x\/—gtr<ze CE W FT 4+ éCoe qumanq> =
! /d% \/—gtr 1F FHv 4 12) A;DMA + 1F Fi 4
= 5= T2V — T4 5 i - g
o 2V I g g 4t
1 . . 1 )
+§(8iAu8’A“ +20;A,[AT, AM)) + ge”VA“ezj(QiQi)DjA,,). (4.1)

Evaluating this on the zero-mode solutions in table ff completely kills the last line, including
the 3-point couplings, and reduces F;; FV — —[A;, A;][A?, A7]. Hence one is left with

—2i /d4:m'2\/—gtr<iFWF“” + %DHAiD“Ai - i[Ai,Aj][Ai,Aj])
™

(4.2)
Canonically normalizing the kinetic terms'® leads to
1 VI 1
C=—=, 4= ;= —, (4.3)
\/E UOl@IPl \/ UOl(]jIE)l
where
—1i o —1i _e?
volgpr = — [ dzdze”, I = — | dzdz— . (4.4)
2 C 2 C T2

We then nontrivially find that all the 3-point couplings have coefficient g; and all the
4-point couplings have coefficient g?, where

VI
g1 = . (4.5)
volp1

10 A ctually, canonically normalizing the kinetic terms for a+, a— only fixes the product cic— = (volgp1) ™ .
We require that the coefficients of the 3-point couplings a4 [a+,a—] and a—[a4,a—] be the same in order to
fix them individually.
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Thus, the gauge field action reduces to
S =~ [ ate(LE 4 LD, x02 — L xi X2 4.6
I = _% xir Z (2)pv (2) + 5( 2)p ) - Z[ ) ] s ( . )

with Flg),, = 0ua, — dya, +1igilay,a,] and Dy, = Oy +igilay, ]
The rest of the bosonic Lagrangian is $(D,,M;;)* — ﬁ[Mij,MmP- We evaluate this
on the zero-mode solution and find the normalization constants

S (4.7)

fo = v/ volgp1

Then the 3- and 4-point couplings take the expected form with g; given in (l.5). Thus the
action for the scalars reduces to

Sip = —— /d2m<1(2> X% - g—%[Xi X2 g—%[Xa Xﬁ]2>. (4.8)
1 o g\ @m 9 4
Adding S7 and Sj; gives the bosonic part of the 3-3 zero-mode action
st L d2m<1F(2WFg;'; + L DXy - g—%[XI,XJP). (4.9)
2 4 2 4

Now we move to the 3-3 effective fermionic action. First consider the ¢¥y™(D,, +
%Qm)Lw term evaluated on the zero-mode solution. We find

o [ eyt (50D + QL) =

= —% /d4;177'2\/—gtr<|f+|2££i'p_£L + |f—|2£EiD+£R n

i3 e e [Ax Rl + z‘fifw‘“”fgi[Az,&]), (4.10)
where, recall,
1/4 _ o\ 1/4
Co (e () a
V72 \4(2) 9(2)
Canonically normalizing the kinetic terms we find
1 1
e\ = ——— cp = ——, 4.12
A \/ UOZCIPI o \/E ( )
where
=1 / dzdzroe” . (4.13)
2 Jo

Then we find that the coefficients of the 522.@_52 and f}ziaJrf}'z terms are both ¢g1. Howewver,
the coefficients of the Yukawa terms, fzi [A,, 5%] and its conjugate, are both

1

gy = ik (4.14)
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We will address this difference shortly, but let us first finish the dimensional reduction.
The last terms are the Yukawa couplings of the fermions to the scalars M%. Plugging in
the zero-mode solutions and integrating over the transverse space leads to

% /d4$\/—_g\/7'_2tr<(L¢)i[(L¢)j7Mij] + (wR)i[(sz)ijijD _
= —% /detr <g’1p§§§2[ T X9 +g’1pa"j§Ei[§Lj,X“]>. (4.15)

These terms also have the coupling constant ¢} instead of g;. Hence, after some slight
rearranging, we obtain

erm. t 7 7 . 7 z
%@m=—§/ﬁm{$u%g+$um@+ﬁgmwm
+igh €1 (€ X7] + 910580 1R, X O + gl p™E] [k, Xa]) (4.16)

for the 3-3 fermionic zero-mode action.

In order to put this action in an SO(8) invariant form, we take a brief detour through
some gamma matrix definitions. Consider the embedding of SO(6) gamma matrices v*
into SO(8) gamma matrices I'! according to

I'=¢?®ls, MP=oloy, r#e =gl @q2, (4.17)

where ¥ = —iy! .- ~5. Tt is straightforward to show that T' = [[T'! = 03 ® 13, so that the
SO(8) Dirac spinor decomposes as ¥ = (8,8.)7. Then we define o/ by

0 of
! = ((UI)T 0 ) ) (4.18)

It is clear that these may be viewed as Clebsch-Gordan coefficients for 8, x 8. — 8,. Now,
the 4 in turn may be represented using the SU(4) Clebsch-Gordan coefficients,

0 aij
v={ ", (4.19)
Pij 0

where, recalling the reality constraint, p¢; = (p* )T = Seijupt.

normalization condition p®¥ p?k + pP4 Pl = 2(5ik(5°‘5 ; this ensures that the v satisfy the
Clifford algebra. A specific choice for the p® exists such that ¥ = 02 ® 14, and the SO(6)
charge conjugation matrix C, satisfying C~1v*C = —°T, CT = C* = C, is given by
C = o' ® 14. This is the charge conjugation matrix that appears in (B:49). The SO(8)
charge conjugation matrix may be taken as C = 15 ® C.

The p® also satisfy a

From these results it follows that

_ 1 (g P I 5
A ﬁ(&-)’ & ﬁ(s’;ﬁ) (420
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are Weyl spinors in the 8, 8. respectively and both self-conjugate, \} = CAp,0% = COg.

3

It is also straightforward to show that (4.16) may be written as

sferm. - — —% /d%tr <x\£C’D(2)_)\L + 010D o) 0R + 293/\g001[9R7XI]>- (4.21)

3-3z.m.

Now observe that after summing the bosonic and fermionic zero-mode actions, and the
3-7 action, ({.9),(f.21),(B.16), and rescaling the gauge multiplet (Ar,a,) — gil()\L,au), we
obtain the D1-string worldsheet action (B.49), if and only if the two couplings g1, ¢} are
the same:

S5 A S{G + S5 =8p1 =  g=gi. (4.22)

It is well known that the (0,8) theory (B.49) is completely specified by the gauge coupling.
If the Yukawa term A@X had a different coefficient, supersymmetry would be broken. On
the other hand, we know that the general background we have been studying preserves
these 8 supercharges. Hence it must in fact be the case that g1 = ¢g}. Let us rephrase this
equality slightly. Let us define the average of a quantity over the CP! as

Je d?zey
== = 4.23
@ = (123)
Then we have
—1 -1
T. T

g e () (4.24)

volp1 volp1

and the claim is that (1, ') = (r2)~'. In the general case (general elliptically fibered K3), 7
is a very complicated function on the base CIP!. We do not know how to do either of these
integrals or why this should be true, yet supersymmetry leads us to conjecture that it is
so! Note, however, that in the orientifold limit, where 75 becomes constant, it is trivially
true.

Now, from the Dl-string point of view, 27g? is, by definition, the square of the D1-
brane Yang-Mills coupling, which is proportional to the Type I string coupling gs ;. We
have g7 = gs1/(47%a’). On the other hand, equation (f24) is giving g7 as a function of
of the 7-brane, or F-theory on K3 moduli (zjs0,gs,17), (Where g5 i = lim,_. 7'2_1). Thus,
our result gives part of the map between moduli spaces of Type I on T2 and F-theory on
K3. The duality of these two theories is argued by going to a special point in the moduli
space, corresponding to the orientifold limit of the 7-brane system, where they are T-dual.
It is easy to check that our result reduces to the well known map there. In the orientifold
limit, 79 = 1/gs 17 = const and CP! becomes a torus. Thus our result follows easily from
the usual relations [[]

/

RpiRpo  RriRpp o)

2 - 2 ) Rli
gs,[’ gs,I

= . 4.25
= (4.25)

In the orientifold limit, it is also possible to explicitly evaluate volgpi, and hence g%,

(%)

as a function of the four z;;. In fact, one can use the SL(2,C) coordinate freedom to
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conveniently fix three of the O7-plane locations. If one takes (2(0137 e ,281;) = (0,2%,1,00),
with z* arbitrary, then the result [F]] is

Fi(3, 11,1/
1 2 1(2727 ) /Z )> (426)

Vvt oF1(3,5,152%)

There is also much evidence for the conjectured strong/weak duality between heterotic

volgpr = Im(

and Type I, where the coupling constants are related by gs, = 1/gs;. Indeed, it is
convincingly argued in [§, [9] that the D1-string theory (B.43) flows to a strong-coupling
superconformal fixed point, corresponding to fundamental heterotic strings on a certain
orbifold space. Thus we learn how the heterotic string coupling depends on the F-theory
moduli,

1 volgp1

o0y Us.1') = = . 4.27
gs,h(zzoo gs,l) 4’7'('205/9% 47T2()é,<7'2_1> ( )

This is part of the map between the moduli spaces of F-theory compactified on an
elliptically fibered K3 and heterotic compactified on T2. Tt has been proven in [fJ that the
classical moduli spaces of these two theories are isomorphic. They showed that both have
the structure of a certain holomorphic C* fibration, which leads to a natural isomorphism
between the two spaces. The classical moduli spaces should well approximate the full
(quantum) moduli spaces in regions where the quantum effects are negligible. These regions
correspond to large volume on the heterotic side and being near the orientifold limit on the
F-theory side. This is precisely the regime where our analysis is valid. We required g,
small in order to have a field theory description of the D3-branes. Combining (f.25) with

the Type I/heterotic relation R;; = Rh,igi/f implies that

a/

= — 4.28
Ry 1Ry 2 (4.28)

gs,I'
Thus g, small does correspond to the volume of the heterotic torus being large.

Our map should agree with the one presented in [53]. However, their parametrization
of the F-theory moduli space is in terms of periods of the holomorphic two-form on the
K3. It would be interesting to explore the relation between these two parametrizations.

Finally, the map of [5J] is more complete, as it specifies how the rest of the heterotic
string moduli, namely the Wilson lines, depend on the K3 data. Indeed, we have neglected
a term in our effective action. Recall that the heterotic sigma model action in a general
background with nontrivial gauge field has a coupling of the current algebra fermions to
the pullback of the gauge field to the worldsheet, roughly A\OXAX. There should be a
corresponding term in the D1-string action, which would involve a coupling of the x to the
X' and the background D7-brane gauge field. This term would be present if the gauge field
has nontrivial Wilson lines, and so it should be present for us since, roughly, the Wilson
lines correspond to the location of the D7-branes. One should be able to derive this term
in the D3/D7-O7 picture by computing a disk amplitude with one 3-3, one 7-7, and two
3-7 boundary vertex operators. It would be interesting to do this and see if one can derive
the full map of F-theory and heterotic moduli spaces.
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5. Discussion

In this paper we have have studied in detail the structure of D3-branes intersecting D7-
branes and O7-planes in 1+ 1-dimensions. We used anomaly arguments, index theory, and
an explicit construction of the zero-modes to show that the D3-brane in this background
has zero-modes which are localized near the O7-planes and, in the compact case, fill out
the multiplets which gives rise to the zero-modes of the heterotic matrix string. Our
results explicitly show that the D3-brane zero-modes are not present in the noncompact
cases. In the compact case, by evaluating the D3-brane effective action on the zero-modes
and integrating over the space transverse to the D7-branes and O7-planes, we obtained
the 1 4+ 1-dimensional theory of N, coincident D1-strings in Type 1. By carrying out this
procedure away from the orientifold limit, we learned how the Type I string coupling, and
by Type I/heterotic duality, the heterotic string coupling depend on the 7-brane moduli,
or equivalently the moduli of F-theory compactified on K3.

In work to appear we plan to study this system at strong 't Hooft coupling where it
is described by supergravity on AdSs, in particular by F-theory on AdSs x S° x K3. This
provides an explicit AdS3 dual of the world-sheet CFT of N, heterotic strings, albeit at
strong string coupling, and should be a useful tool in trying to resolve some of the puzzles
raised recently concerning the structure of this duality [54-p4]. AdS/CFT duals of matrix
string theory have been discussed previously in [5J].
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A. D3-brane fermionic effective action

We begin with the action

T ) o )

S{)e;m- — ? 2D3 /d4§ /_—gtr <y(1 _ PDg)(e—¢/4PmDm . A)y) . (Al)
Let us review what these various quantities are, following [[]]. We denote by m,n, ... and
a,b, ... worldvolume/tangent space indices along the brane, and M, N, ..., A, B, ... denote

spacetime/tangent space indices in the bulk. We have

Yt
y= <y2> ; (A.2)
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where y1,ys are each 32-component d = 10 spinors, satisfying Majorana and Weyl con-
straints, both of the same chirality. Also,

A A o T —
PA:<F0 POA>:[2®PA7 P:<P 0—)203®F7 (AB)

where I'4 are the d = 10 gamma matrices and T the generalized “y°.” T'ps is given by

. 1
Tp3 = —i0? @ ———"V"T 0 i s (A.4)

41\ /—g

where €923 = 1 and Ty, .., = Cimy o Ty %(1 —T'ps) is a kappa symmetry projection
operator that will remove half of the degrees of freedom. Finally, D,, and A are given by

Dn=10D9 4o '0W,, A=LeADt+seA®, (A.5)
where

DO = a4 - r48 =D A6
(L2)m = OM + 1 wAB M + 17ABM =Dy, (A.6)

A 1

Waam = §<¢e3‘1’/4ij>rA> /4Ty, (A7)
A _ 1 _eurm
Ay = 5¢ T oy ®, (A.8)
A2 _ L seu1)pna
Aty = £5e G T (A.9)

The subscript (1,2) is correlated with the sign. If the operator acts on y; the top sign is
chosen, if it acts on y5 the bottom sign is chosen.
One important step has already been taken relative to the formulae presented in [[1].

Their results are given in string frame and we have converted to Einstein frame using QE\Z)N =

e®/2 g](\f[)N. In terms of the vielbeins and inverse vielbeins, 4 M= eP/4e©4 a and Ef)M =
e_q>/4E1(46)M. Thus, for instance, one has [®M = ¢=2/A (M 49 GS)(S) = e_q)/A‘GfL‘l)(e).

The projector I'ps is unchanged; the transformation of the vielbeins in Iy, .om, cancels

the factor coming from /—g in the denominator. Finally, it can be shown that the spin

connection gets modified: wff])gg M= wff])gg Mt %Tﬁf; a7 Where 74p 3 is defined through

1
Tab,c = g(Xa,bc + Xb,ca — Xc,ab) , (AlO)
with Xa,be = —Xa,cb given by
1
dd Ne, = —Xa’bceb Ae . (A.11)

2

Now let us simplify this action. We have

1 e ... et _
mi-m. mi m4 _mi---m .
gl AT = gl 4Fa1,,,a4 = F0123 = —ZF(4) s

A/ =g mma = T =g

(A.12)
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where we’ve defined f(4) = —iI'%"3 which anticommutes with all of the I'* and squares to

1-Tps = < ! _ZF<4)> : (A.13)

one. Thus

—f(4) 1

Using the fact that the background supergravity fields only depend on directions tangent
to the brane worldvolume, we eventually find

o o mp)y _ lpm 1.0 ~Da
e AT D,, — A = /4 F"Dy =3 1"0n® — 4e7Ga T . (A14)
—LeegVre  mp, — 1My, @

Then one can show

<1—st><e-¢/4rmDm—A>:e-‘l’“< M T ?;”@F<4>>)

LDy (=il () Dy,
=e¥iM, (A.15)
where
- - 1 i (1)
D = Din — 50m® — 1e"G)T - (A.16)

Now consider the unitary change of variables § = Uy given by

(0} L [ Dy =il Y1
) @ T , A17
<y2> V2 <F(4) il Y2 (A-17)
Then observe that

"D, (1 —Ty) 0 ~
UMUT = — ) N _ =-M. A.18
< 0 I Dy (1 + T (4)) (A-18)

Therefore My = §M7. Now note that, if 41, y2 are both left-handed, then §; = f(4) (y1+
iy2) and yo = f(4) (y1 —iy2) are also both left-handed since f(4) commutes with T'. On the
other hand, if the original y;,y2 are each separately Majorana, y; = Cy! and yo = Cyl,
we now have that C§! = 4§ and Oy = £7, with the sign depending on whether f‘(4)
commutes or anticommutes with C(I'%)7.
Now let us pick a convenient basis for the I'* and dimensionally reduce to d = 4. Let
1"0,...,3 — ]lS ® ,70,...,3, 1’\4,...,9 — pl,...,6 ® ,7’ (A19)
where

{4, = 2971y, {p®, P} = 26% 14 (A.20)

are d = 4 Minkowski and d = 6 Euclidian gamma matrices respectively. There exists a nice
basis'! for the p® such that the four-dimensional Weyl projector and charge conjugation
matrix are related the their ten-dimensional counterparts by

1,® L(4) 0 0 1,®c
L = C = . A21
(10) ( 0 14 ® R(4) ’ Iy,®c O ( )

1See [E] for instance.
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Then, writing

n=(). we() (a2
X(1)i X(2)i

with i = 1,...4 the SU(4) index and each v, x; a d = 4 four-component spinor, one sees
that the ten-dimensional Weyl and Majorana conditions reduce to

Lo = Yo and C¢ - Xo . (A.23)

Rx(1,2) = x(12) 01/1 = X@)

Recalling the form of M, and noting that f(4) = 1g ® 7, one now sees that ¢(;) and x(9)
are projected out. This is the k-projection working. The action boils down to

erm. ZT m
gferm. _ D3 / d'z/—ge~ /4tr<x(1)7 Dy Rx(1)i + P2)i D+L1/)(2> (A.24)

where

DE = Dy, — %amcp ¥ ﬁe%g) (A.25)
comes from ¥R = —R,¥L = L.

Now set the first term equal to minus its transpose and use the charge conjugation
relations (A.23). The minus comes from the fact that the fermions are Grassmann valued.
After carefully moving one of the resulting charge conjugation matrices to the other, one
finds that the D,, and %eéG%) terms add,'? while the %amfb term cancels out. Thus,
defining ' = ¢é2), we obtain

STa™ = Tpy / dzy/=ge” " tr (zmm(z'[)m + %‘PG;P)LW). (A.26)

From the definition of 74, (A.I0), (A.I]), it is straightforward to verify that

1 , 3
—Y"Tabm ¥ = 7" Om® . A2

Thus by making the field redefinition ¢ — e=3®/8¢, we can cancel this factor in the Dirac
operator and obtain an overall factor of e~® = 75 out front. Also, observe that
i Ot 1 Op(T+7T) i

4 7 - _Z( Z)(T _7_) = §Qm . (A28)

Finally, the conventions of [il]] are such that 2ra’ = 1, and therefore Tpz = 1/27. Putting
all of this together, we obtain the desired result

sfem — % / d*zo/—gtr <1me(Dm + %Qm)wi) + O(p? A, *M).  (A.29)

2The 8, term gets a second minus from integration by parts.
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B. Explicit formulae for zero-modes

Having argued for the existence of 3-3 string zero-modes in the compact case using index
theory, string duality, and anomaly cancellation, let us now explicitly construct them. We
will work in the general case with spacetime varying axidilaton, away from the orientifold
limit.

B.1 Left-moving fermionic zero-mode

The transverse wavefunction for the left-moving fermions must satisfy
i = 1z 1=
D§+§Q5 f+:0 = a—l—zaa—l—zalogm f_|_:0 . (Bl)
The general solution is
Fe(z,2) = clz)ry e/t (B.2)

where ¢(z) is an arbitrary holomorphic function. How do we restrict ¢(z)? For one thing,
i d?279e?| f1|? must be finite, but there is also another condition. Under a general SL(2, Z)
transformation (R.2), one can verify that

i cT+d

— , h =A d)y=—=1 . B.3

Qm — Qm ne, where @ rg(cr + d) 5 og <c7_'—|—d> (B.3)

Since we have gauged SL(2,7Z) in constructing the supergravity background, the equations

of motion must transform covariantly. Thus we require that!?
1/4

i ig/2i_ (CT+d i B.A

W — €% <CT+d ¥ (B.A)

under SL(2,7). This result agrees with the transformation for the N' = 4 supersymmetries
and fermions derived in [f(] by other means. Also, observe that under S? = —1 we have
b — itp. Thus ¢ is only invariant under S® — it transforms under a double cover of

SL(2,7Z). It is the same for the dilatino, gravitino and Killing spinor of the supergravity
solution.

This can help us in the following way. In the supergravity background there are
some loops that have nontrivial SL(2,7Z) monodromy. Following the arguments in [Rf]
regarding the Killing spinor, when we demand that the equation of motion transform
covariantly under SL(2,7Z), what we are really requiring is that the Lorentz monodromy,
or holonomy, around these closed loops, due to the nontrivial spin connection, cancel the
SL(2,Z) monodromy. In other words, the fermions should have trivial holonomy with
respect to the total connection Dg. We can constrain the zero-mode solution by requiring
that it undergo the correct holonomies around various closed loops in the background.

Therefore, what we now need is a detailed picture of the SL(2, Z) branch cut structure
of the background. The proper way to view the configuration is a generalization of the

3Up to a possible automorphism of the R-symmetry group [E] We will come to this point shortly.
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bottom picture in figure 3, on page 26 of [26]. Instead of just one 4D7+O7 system, imagine
four of these on the surface of an S2, well separated. The boxed regions have the charge
and monodromy of an O7~ plane, and we only consider closed loops that do not intersect
them, thus staying in the perturbative framework. Each set has a point z; associated to it.
These points are not the locations of any branes, but they have monodromy S? about them.
In a noncompact case, these points would be taken to infinity. In the compact case we take
them all coincident, so that the net monodromy around this point is S® — i.e. trivial.
Thus we are effectively treating each O7-region as a point zg?, k=1,...,4, which has
5 branches of SL(2, Z) monodromy emanating from it. Four branches are lines across which
T monodromy occurs and each of these ends on one of the four “satellite” D7-branes. Each
oo
occurs, and this line extends to an arbitrary point that we may take far from the O7-

D7-brane is at one of the 24 points z One branch is a line across which $? monodromy
plane for convenience. Note that the arrows in the diagram are also important. The S?
monodromy is associated with a clockwise loop around the O7-plane. A counter-clockwise
loop corresponds to (52)~! = S%, which is not the same as S? in the double cover. Note also

that each O7-region necessarily swallows up two of the zi(:g, so that in this approximation
we should take these coincident and equal to the relevant zp7.

Therefore, as we encircle any of the O7-planes in a clockwise fashion, we require that
1) — i1p. What does this imply for f4? Recall that the connection acts on fy as (Dg)zf+ =
0 and on f_ as (Dg).f- = 0. This means that the Lorentz holonomy of f; should be
measured by integrating around the loop with respect to dz, while the Lorentz holonomy
of f_ is measured by integrating around the loop with respect to dz. It follows that we
must have fi — ify and f_ — —if_. This can also be seen by looking at the equation for
parallel transport, t*D;) = 0, where t' is a tangent vector to the curve.

We claim that the unique normalizable solution for f., with all of the correct SL(2,Z)

monodromies, is obtained by taking

c(z) = o (B.5)

[Tl (= — =02

Note that 7 is a holomorphic function everywhere except at the g

i~ and that 7 is entire

on Fy. Thus n(7(2)) fails to be holomorphic precisely at the zl(:g . Recall that around these
points 7 behaves as 7 ~ 5= log (z — zi(g), and thus 7 behaves as (z — zi(g)l/ﬂ. Therefore
¢(z) is everywhere holomorphic. This ¢(z) yields

L (n(FE) T (2 — 22\ 2
VT2 (77(7'(5)) ‘ H24 (z — zl.("))l/24> '

n=1
Around clockwise loops enclosing D7-branes fy is invariant, as the phase that n acquires
(n)
factors, while 75 is invariant under 7. For a clockwise rotation around any loop enclosing

f+(2,2) =

(B.6)

o0

under the 7' transformation is canceled by the phase coming from the explicit (z — 2

an O7-plane, f acquires a phase f; — eim/2 f+. Where does this phase come from? The 7

functions and 7 are invariant under the S? monodromy, but when we enclose an O7-plane
we either enclose 6 of the Zz(:o) or enclose 6 — p of them and cross p lines of 7" monodromy.
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In either case, the result of this is a net phase for fi of 7. Finally, it is easy to see that the
solution leads to a normalizable mode, as

/dzzTge“]f+\2 = /d2ze“ = volgp1 . (B.7)

We have just argued above that, around an O7-plane, the fermions should transform
via fi — +ify, and we have found a left-moving zero-mode that does precisely this.
But this does not correspond to either the periodic or anti-periodic boundary conditions
that we considered in the index calculation. Fortunately, there is an ambiguity in the
SL(2,7) transformation of the fermions. As was pointed out in [Bd], the transformation
is not unique, but rather can be combined with an automorphism of the supersymmetry
algebra. The Montonen-Olive conjecture states that SL(2,7Z) should commute with the
Poincare symmetries, but there is still the global SU(4)r symmetry. The automorphism
of SU(4)r must be an inner automorphism, because the classical theory has no symmetry
that acts trivially on spacetime and by an outer automorphism of SU(4)g. Since inner
automorphisms of a group are generated by its center, the SL(2,7) action is defined up to
the action of an element of the center of SU(4)r. The center of SU(4)p is generated by the
element J = diag(e™/2,e'™/? e™/2 ¢™/2) which acts as i on the 4 of SU(4)g and as —i on
the 4.

Now, both the left- and right-handed modes are in the 4. Hence, the SL(2,7Z) phases
around the OT7-plane, ¢ = £7/2, are only defined up to ¢ ~ ¢ + w/2. In particular,
f+ —ify is physically equivalent to'

f+ = —f+. (B.8)

Hence, the left-moving mode has anti-periodic boundary conditions. Therefore it must
transform in the anti-symmetric tensor of O(N,), as claimed.

B.2 Right-moving fermionic zero-mode

We will be brief here as the analysis is quite parallel. The equation of motion for the
transverse wavefunction is

' 1 1
<Dz + %Qz> f—=0 = <8 + Z@a — Z@log 7'2> f-=0, (B.9)
with general solution

Fo(2,2) = b(z)ry e /4, (B.10)

MNote that this does not imply that all phases modulo m/2 are equivalent. When we compute the
SL(2,7Z) monodromy around a closed loop, we get a definite answer (modulo 27). This definite answer
is physically equivalent to a 7/2 shift of the same answer. It is not physically equivalent to a shift by ,
or —m/2, etc. A shift by «, for example, would be generated by the element J2 in SU(4)g. But, as is
also discussed in [E], this corresponds to a Zs fermion number transformation (—1)¥. And this is the Z
element that is already used to extend SL(2,Z) to its double cover, under which the fermions transform.
Hence this element already commutes with (the double cover of) SL(2,Z), and can not be used to enlarge
the set of physically equivalent phases further. Similarly a shift by —m/2 ~ 37/2 would correspond to J2,
but this must be identified with J and so there is no such shift.
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where b(z) is an arbitrary holomorphic function. The unique normalizable solution with
all of the correct SL(2,7Z) monodromies is obtained by taking

b(z) = 77_(7(2)) , (B.11)

which yields

N

n(r(2) Tt (z— (m)y1/24 1/2
<77(7'(Z)) Hiil(z . Z'(n))1/24> : (B.12)

100

As we move around a clockwise loop enclosing an O7-plane, we have f_ — —if_. This
solution leads to a normalizable mode,

/Tge“]f_\2 = /Tge“ < 00, (B.13)

since 7o(z, Z) is a function with only logarithmic singularities on CPP!. Finally, the mon-
odromy f_ — —if_ is physically equivalent to

o (B.14)

Hence, the right-moving mode has periodic boundary conditions and therefore must trans-
form in the symmetric tensor of O(N,).

B.3 The 3-3 scalars

The quadratic action for the D3-brane scalars MY is

y 1 g
53_37([1“&[1) [MZ]] = —E / d433‘\/ —gtr <8mMU8mM”> s (B15)
which leads to the equations of motion
Om(v/—99™ 0, M) =0 = (e29,0" +400)M" =0 . (B.16)

Clearly massless modes correspond to 90M% = 0. The general solution is a sum of holomor-
phic and anti-holomorphic functions. Since we are on a compact space, and the equation of
motion has no 7 dependence, there exists precisely one normalizable and modular invariant
solution: the constant. This is periodic as we go around the O7-plane, and therefore it
must be in the symmetric tensor of O(N.). This gives us six real scalars in the symmetric
tensor representation. We expect two more scalars in order to complete the 8, of SO(8)r
in the Type I dual theory, that describes the transverse fluctuations of the D1-string. We
also expect zero-modes that represent a 1+ 1-dimensional gauge field in the anti-symmetric
tensor representation. All of these remaining modes must come from the 3-3 gauge field.
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B.4 The 3-3 gauge field

The quadratic action for the D3-brane gauge field is

1 1
S3—3,(quad) [Am] = _8_7'(' /d433\/ _gtr <T2anan + §T1€mnqumanq>, (Bl?)

where €912 = (—¢)~1/2, and we only need to consider the U(1) part of the field strength:
Foun = OmAyn — Op A + O(A?). We integrate by parts in order to put the Lagrangian in
the form A,,0™"A,. Doing so, one finds the usual curved space Maxwell operator and,
additionally, terms that are proportional to spacetime derivatives of 71, 75. After choosing
the usual covariant Lorentz gauge, D" A,, = 0, the action can be put in the form

1
S = o /d43:7'2\/—gtrAm(9m"An, with (B.18)
m D" D
omn — gmnDpr — R™Mn gmn@Dp + 0 T2Dn . T2 DM _ Lﬁemnpqaq ) (Blg)
T2 T2 T2 T2

(The term 0™ log 19 D™ gives zero when acting on A, but we choose to keep it because it
will simplify the form of the operator).

We work in lightcone coordinates & = 2° 4+ 2!, so that the metric is given by ds? =
—dztdz— + e"*?)dzdz. After some work one eventually finds the following expression:

omt = O + O (2, 2), (B.20)
where
0 0,0_ 0logm0_ 0log T20_
940_ 0 0 0
mn ) = = B.21
(Orf) = 8 —dlogd_ 0 0 —e7%9,0_ (B-21)
—0logm0- 0 —e %040_ 0
and
—(00 + dlog 120 0 0
+0log 150)
—90 0 0 0
(O"") = 8e™“ e~%(00 — 0ad
0 0 0 +01log m50)
e~%(00 — 0ad
0 0 +0log 120) 0
(B.22)

In deriving these expressions we have used the fact that 7(2) is an anti-holomorphic function
so, for instance, 1 = —i07m etc. Note that the order of the columns and rows in these
matrices is (+, —, z, Z).

Zero modes are obtained as solutions of

oA, =0 . (B.23)
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Note we must also make sure that the gauge constraint
D" A, = —2(04A_ +0_AL) +2e (045 + 0A,) =0 (B.24)
can be maintained. We make the ansatz
Ap (2,2, 2) = ap (") U, (2, 2) (no sum). (B.25)

Then the equations (B-23) are

20V, =0, (B.26)

(00 + 0log 190 + Alog 20)¥_ = 0, (B.27)
(0 —da+ OlogT)0V, =0, (B.28)

(0 —0a+ 0logT)0V; =0 . (B.29)

Assuming that these equations are satisfied, it is easy to show that the gauge field ac-

tion (B.1§) reduces to

S = z/(122,’7'2\/ —g\I’+\I/_/d2.’L' <a+8+(9_a_ +a_8+8_a+> +

™

—g/dZZTQ\/—ge_“\IIZ\I/z/d2az<az(‘9+8_az+aza+8_az> +

T

—I—g/d2z7'2\/—galog7'2\1’+\lfg/d2x <a+8_a5 —ag8_a+> + c.c. (B.30)
T

In order for this to give an effective 1 + 1-dimensional action for massless modes, we
require that the integrals over the transverse space be finite and, additionally, the third
term must vanish. In order for the third term to vanish, there are two disjoint possibilities:

\PZ = \Pg =0 or \I/+ =0. (B31)
These will lead to two different sets of zero-modes. We investigate each separately.

B.4.1 The A zero-modes

This solution corresponds to setting
U, =V¥;=0. (B.32)

The reality of the gauge field A,, implies that ¢, V. may be taken real. The most general
real solutions to the Uy equations (B.2€), (B.27) are

U(22) = 64 (2) + 0 (2), U (2,2) = — (4 (2) + B_(2)). (B.33)

T2

where 14 (z) are arbitrary holomorphic functions of z (possibly involving 7(z)). Again,
there are two requirements that will select out a unique solution: the integral over the
transverse space must be finite, and around closed loops ¥4 should undergo monodromies
consistent with their transformations under the corresponding SL(2,Z) actions.
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This brings us to the question of how do ¥4 transform under a general A € SL(2,%).
As in the case of the fermions, we answer this by requiring that the equations of motion
transform covariantly under SL(2,7Z). First consider the ¥ equation of motion (|B.24).
The operator is invariant under SL(2,7Z) and so we require ¥ to be invariant. Thus v
is a holomorphic function of z only and can not depend on 7. Now consider

(00 + 0log 120 + Olog 20)W_ =0 . (B.34)

Under general A = (Z Z), the differential operator transforms and it is not at all obvious

how W_ can transform in order to counter these new terms, and not introduce any others.
We need to write the W_ equation in an SL(2,Z) covariant fashion, involving the U(1)
Kahler connection. It is straightforward to show that (B.27) can be written as

(D' = ¢*7Q;)(Di + qeQ")¥_ =0,  with ¢ =2i, (B.35)
where 4,5 = z,Z run over the transverse coordinates and ¢;; is the Levi-Cevita tensor
density on the transverse 2-manifold. Our conventions will be €,z = —ez, = —,/g, from

which it follows that € = —e®* = g~1/2. (If this sign is flipped, then the charge ¢ = 2i
must also change sign). In this form we can now determine the proper transformation of
U_ under SL(2,7Z). Recalling the transformation law of @;, (B.3), one has

2i0,p, 1=z

A%ie.. O = —2ie.. ) =
ZEZ]Q g ae { —2Z82(,D, 1 =2

—dlog(cT+d),i=z
= ~ ) B.36
{—8log(c7'+d),i:2 ( )
Hence we require that
Olog (T +d), i ==z

ovV_ — OV_ = L. B.37
- +{éﬂog(m'—i—al),z:z ( )

This is achieved with the transformation
Y ol os Ty (e 1 d)(cF 4 d)D (B.38)

In other words, ¥_ should transform as a modular form of weight (1,1). As a check, one
could now go back to the original equation (B.27) and see that it does indeed transform
covariantly using this transformation rule. After considerable algebra and some nontrivial
cancellations, one finds that it actually works.

This transformation is consistent with W_ = 1/79 and therefore we require that 1_(z)
be independent of 7(z). Now we use the requirement of normalizability to fix the functions
Y1 (2). The guage field action evaluated on these zero-modes is

S = % / id22e" Re(iby (2)) Re(w_(2)) / o <a+8+8_a_ —I—a_6+8_a+>. (B.39)
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Since €% ~ 1/|z|* as 2 — oo, the only functions 1+ that are entire on C and give a non-zero,
finite result for the integral are

Y4 = const . (B.40)

Thus we arrive at precisely two real massless zero-modes a4, that transform as a vector
under the SO(1, 1) Lorentz group.
Observe that the transverse wavefunctions

t
U, (z,Z) = const, U_(z,2) = cons (B.41)
T2

are periodic around the O7-planes. Indeed, the SL(2,Z) transformations for these wave-
functions indicate that they should be invariant under S?. However, recall that S? acts
on the string worldsheet as €2, worldsheet orientation reversal. In addition to flipping the
Chan-Paton indices, this gives a minus sign when acting on the string modes correspond-
ing to the gauge field. Thus, in order for the overall state to be single-valued around the
OT-planes, these zero-modes must transform in the anti-symmetric tensor of O(N.). Thus,
as one would expect, the zero-modes of the (A4, A_) components of the 3-3 gauge field
correspond to the 1+ 1-dimensional gauge field on the intersection.

Finally, although the above W satisfy the equations of motion, we must still check
that the gauge condition can be maintained. With U, ¥ set equal to zero, we have

DmAm = —2(8+a_\lf_ + 8_(14_@4_) = 0, (B42)

which is just the standard Lorentz gauge condition in 1+ 1 dimensions. Since W, W_ are
linearly independent functions of z, the gauge condition can only be satisfied by taking

Ora_ =0_ar =0 (B.43)

If we were dealing with a U(1) gauge field this would imply that the field strength vanishes.
However, in the non-Abelian case there is the term Ff_) ~ ata_. It follows from (B.43)
that this corresponds to a non-propagating electric field along the intersection, which is,
of course, what one would expect.

B.4.2 The A,, A; zero-modes

Now let us suppose that

U, =0. (B.44)

The equations (B.2§), (B.29) are consistant with taking (V,)* = ¥z, as they should be
since the reality of the gauge field requires it. Now, recall from the supergravity solution
that

ca(z:2) 729(2)7(Z) , where 9(2)

. B.45
[Tt (= = 22)2 o
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Hence, 0(a—log m2) = 0log g is a holomorphic function and the operators (0—da+0log ),
0 commute. Thus the general solution for ¥_, ¥ is given by

V.(2,2) = a(2)g(2) + B(2),  ¥z=a(2)3(2) +5(2), (B.46)

where «(z),3(z) are arbitrary holomorphic functions. We can quickly eliminate one of
these functions by considering the question of normalizability. If ((z) is nonzero, then
the integral over the transverse space will contain a term [ 75|38]%. Since 72 — const > 0
as z — 00, it is clear that this can not be normalizable for any function § entire on C.
Therefore we may take

3=0. (B.47)

In order to fix a(z), however, we will need to consider how ¥, U; transform under SL(2, Z).
One can check that the following Lorentz and SL(2,Z) covariant equation of motion

reduces to (B.29):
(D" = " (7 — g")Qy)(D; + qlen — gin) Q" )W =0,  with g=i.  (B.48)

Using this we can derive the transformation law of ¥, under SL(2,7Z). Under 7 — A7 we
have

Ai(eyj — 9ij)Q7 = —i(eij — 9i5)0" 0 = { I

0, 1=2

—0log (cT+d), i =2
:{ g& * )’Z,:Z. (B.49)
Therefore we require
U, — sy — (¢F +d)T, . (B.50)
For ¥ the manifestly covariant equation of motion is
(D' + (€7 + ¢7)Q;)(D; +ilein + g)QF) V. = 0, (B.51)
which leads to the expected transformation rule
Vs — (et +d)Vs . (B.52)

These rules mean that W,, W; should be invariant under 7" and change sign under
S2. Therefore, they should be antiperiodic around the O7-planes. The function g(z) (and
its conjugate) has just these properties, reasoning along the same lines as we did for the
fermionic zero-mode solutions. Thus we may take a(z) = const so that

P(7(2) S ).

IECEE e Lz -2

n=1

V. (z,2) = (B.53)
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To see that a = const is the only solution, observe that

/7'2\11,2\1/5 = /7’2|g|2|oz|2 = /ea|oz|2 . (B.54)

Then by the same arguments as in the last section, we must have o = const for normaliz-
ability.

When we combine the anti-periodicity of the transverse wavefunction with the extra
minus sign coming from the action of 2 on these string modes, we see that the A,, Az
zero-modes must transform in the symmetric tensor representation of O(N,). Hence they
have the right quantum numbers to be the remaining two scalars that complete the SO(8),
transverse fluctuation modes of the 1+ 1-dimensional theory. This is what we would expect;
T-duality in a given direction maps the component of the gauge field in that direction to
a scalar representing transverse fluctuations.

Note that for this solution we set ¥, = 0, but it was not necessary to set ¥_ to zero.
Since 0,V = 0;¥, = 0, the gauge condition reduces to 01 A_ = 0. Thus we may either
have ¥_ =0 or 0;a_ = 0. This is pure gauge from the 1 + 1-dimensional point of view.
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